Weak measurement is increasingly acknowledged as an important theoretical and experimental tool. Until now however, it was not known how to perform an efficient weak non-local measurement of a general operator. We propose a novel scheme for performing non-local weak measurement which is based on the principle of quantum erasure. This method is then demonstrated within a few gedanken experiments, and also applied to the case of measuring sequential weak values. Comparison with other protocols for extracting non-local weak values offers several advantages of the suggested algorithm. In addition to the practical merits, this scheme sheds new light on fundamental topics such as causality, non-locality, measurement and uncertainty.
Weak measurement is increasingly acknowledged as an important theoretical and experimental tool. Until now however, it was not known how to perform an efficient weak non-local measurement of a general operator. We propose a novel scheme for performing non-local weak measurement which is based on the principle of quantum erasure. This method is then demonstrated within a few gedanken experiments, and also applied to the case of measuring sequential weak values. Comparison with other protocols for extracting non-local weak values offers several advantages of the suggested algorithm. In addition to the practical merits, this scheme sheds new light on fundamental topics such as causality, non-locality, measurement and uncertainty.
I. INTRODUCTION
Many of the fundamental questions in quantum mechanics discuss measurements and their effect. Much progress has been made regarding the measurability of various, formally defined, 'observables' under realistic constraints, with a special emphasis on relativistic and temporal constraints [1] [2] [3] . Nevertheless, many questions remain open. In light of relativistic constraints, it is known that measurements cannot violate causality; this limits the types of projective (non-demolition) measurements that can be made on space-like separated systems [4] . Aharonov and Albert were the first to show that at least some non-local observables can be measured in the standard (non-demolition) way [2] . Vaidman [5] proposed a more general method for overcoming the causality constraint by making the measurements destructive. His method, although very costly in terms of resources [4] , shows that these non-local observables are indeed observable.
Although destructive measurements produce the desired probabilities for the outcomes of a measurement, they usually do not produce the desired effect on the measured system. This limits their applicability within the two-state vector formalism [6, 7] . In the two-state framework we are interested in observables measured at an intermediate time between an initial preparation (or pre-selection) and a final projective measurement (post-selection). The observable quantities that depend on pre and post-selected quantum states are not limited to Hermitian operators (or POVM elements), rather they depend on the particular implementation of the measurement, and in particular, on how they affect the measured system (i.e. the observable transition amplitudes depend on Krauss operators). Aharonov, Bergman and Lebowitz (ABL) [6] derived a formula for calculating the relative probabilities for the outcomes of projective measurements performed on pre and post-selected ensembles. Their formula can be easily extended to more general scenarios where the effects of the measurement are not necessarily rank-1 projections [7] .
Each set of probabilities predicted by the ABL formula is limited to a particular measurement strategy. This may lead to strange 'counterfactual' predictions regarding measurements which cannot be performed simultaneously [8] . Aharonov, Albert and Vaidman introduced a new way to extract information from the system with negligible change of the measured state. The result of this weak measurement is a complex number called a weak value. Despite the 'weak' method used to obtain it, each 'weak value' is related to a particular 'strong' measurement strategy and can be used to understand some counterfactual probabilities obtained using ABL's formula. Unlike standard observables, whose measurement result corresponds to a classical outcome, weak values can exceed the spectrum of the weakly measured operator and form an effective 'weak potential' [9] . Their interpretation as observables, however, depends on the possibility of implementing such a measurement process. One of the properties of this process is its non-disturbing nature. Unfortunately, this property does not accord well with the methods used for non-local measurements, although in some cases [10] it can be applied directly. Resch and Steinberg (RS) noted that it is possible to extract the weak values of a wide class of non-local observables by correlating the results of local weak measurements [11] . Their method, however, does not produce the desired effective potential. The joint weak value is rather the result of a calculation involving many measured parameters. A different method for directly observing a limited type of nonlocal weak values was proposed by Kedem and Vaidman (KV) [12] . Although it does not produce the desired potential per se it does produce a deterministic physical effect on the meter. The measurement is not a weak measurement, but its outcome is a modular value which coincides with the weak value in some interesting cases.
In the general case it is still unknown which weak values are directly observable, and of those, which are observable via weak measurements [13] . Here we present a protocol for measuring a wide range of weak values that could not be directly observed using the previous protocols. In particular, we show that any strong measurement strategy has a corresponding weak value, as long as the measurement can be coherently erased. Quantum erasure was suggested for the first time in [14] . 'Which path' information encoded in atomic states |b and |c could be erased by a π-pulse taking the state |b to |b which shortly decays to |c and by using a common photodetector to collect the photons emitted from the atomic transitions. Loss of 'which path' information leads to the appearance of interference fringes, even in the delayed choice version [15] . Other experiments were suggested in [16] [17] [18] . Recently, a scheme for erasing weak measurements was also proposed [19] . In contrast, our method, utilizes the quantum eraser (of strong measurements) as a tool for performing non-local and sequential weak measurements, including those with an acausal strong limit. As a consequence, this method is non-deterministic, but in case of successful erasure, it contains all the features of weak measurements. As an added 'bonus' the method allows the measurement of non-Hermitian weak values. To showcase this feature we present a temporal version of the three box paradox [20] . The paradox involves a sequential measurement that is non-trivial, both in the strong and weak cases.
The outline of the paper is as follows: First, we briefly define weak measurements by introducing two fundamental properties. In the next section we show a simple case where the weak measurement process is divided into a strong measurement, followed by a weak measurement, and then by a simple (unitary) eraser protocol of the strong measurement. We then present a simple (non-deterministic) protocol for weak measurements of non-local observables and propose an improved version of this protocol for the specific case of the product of two operators. In the next section we present the '4 path paradox' and use it to showcase a protocol for sequential weak (and strong) measurements. In addition, we compare this protocol with the RS and KV schemes.
II. WEAK MEASUREMENTS
Given a system pre-selected in the state |ψ , and post-selected in the state φ|, the weak measurement of an operator A produces an outcome {A} w = φ|A|ψ φ|ψ called the weak value of A. The standard method for implementing this weak measurement is to couple the system to a meter with momentum P and position Q via the von Neumann Hamiltonian H I = f (t)AP . The weakness (or strength) of the measurement is usually modified by varying the strength of the interaction f (t) and/or by changing the variance σ 2 of the initial state of the measuring device. In many cases it is impossible to implement the von Neumann Hamiltonian directly. For instance, if A is a non-local operator, H I may be acausal, and if A is not Hermitian, H I will not be Hermitian. The locality and Hermiticity constraints are not unique to weak measurements, however, the techniques used to overcome them in projective strong measurements are often not applicable to weak measurements [13] .
Our main result is a method for preforming weak measurements where instead of applying the Hamiltonian directly we use the following general procedure: 1. Perform a strong measurement of the desired observable, 2. Weakly measure the result and 3. Undo the first measurement.
To describe this result we will start with a simple case where undoing the first measurement is a simple reversal process of the measurement itself. In the case of a non-local measurement, undoing the measurement proves more challenging, and a quantum eraser is used. The result is a non-deterministic measurement procedure. In some cases we find the desired outcome, while in others we get an unwanted unitary evolution of the original state on top of a 'wrong' weak value. Post-selecting the desired outcomes yields a weak measurement.
A. The weak measurement process
We begin with a system S whose free evolution is described by the identity operator. At time t = 0 the system is pre-selected in the state |ψ . During the times t 1 − to t 1 + the system undergoes a measurement (which can take many different forms). Later, at time t f , the system undergoes a complete projective measurement and is found to be in the (post-selected) state |φ . Between t 1 − and t 1 + , the system is then described by a 'two-state' vector φ| |ψ where |ψ is the forward evolving state vector, and φ| can be understood as evolving backwards in time [7] .
In general, the measurement process (between t 1 − and t 1 + ) is an interaction between the system S and a meter M with a pointer variable Q and conjugate momentum P , such that at the end of the process the (change in the) meter's state corresponds to the measurement outcome. While the state of the system can be arbitrary, the state of the meter is specified according to the desired properties of the measurement. To avoid confusion, we use the subscript w for a meter used in a weak measurement. The meter's state is initially in the non-degenerate 0 eigenstate of the pointer variable Q, |0
Mw . The weak measurement is a physical process parameterized by a weak interaction parameter g = τ 0 f (t)dt, where τ is the duration of the measurement. It can be described by a map taking a pure product system S, and a meter M w state ρ SMw 0 = |ψ ψ| ⊗ |0 0| to a joint state W g (ρ SMw 0 ), such that the following properties hold at g → 0.
Property 1 -Non-disturbing -The probability of post-selecting a state φ|, given by
) |φ ] is unaffected by the measurement up to terms of order g
Property 2 -Weak potential-After post-selection the meter state |0 Mw is shifted by a value proportional to the 'weak value'
that is, the final state of the system is e −igHw |0 where H w ∝ {A} w P so
Unlike the 'standard' approach to weak measurements which uses continuous variables for the meter, we only use discrete systems, and for the sake of simplicity, limit ourselves to qubit meter system M w . This can be generalized in an obvious way to other kinds of pointers. In addition, we will not limit ourselves to a specific measurement method, but only to the properties above.
According to the 'standard' approach, weak measurements arise as a limit of strong measurements, i.e. they have the following feature: There exists at least one value g such that for g = g the measurement is a projective strong measurement of the observable. If the measurement scheme has this feature and g is a locally tunable parameter, then the measurement scheme is limited by causality constraints of strong projective measurements. Our proposed scheme has this feature on top of the two required properties above.
III. WEAK MEASUREMENT OF A VON NEUMANN METER
In this section we describe a simple version of the protocol where the measurement can be undone by a simple unitary operation (see Fig. 1 ). This basic result serves as an introduction to the more general case.
FIG. 1:
Undoing a strong measurement using a unitary operation. In this simple case we perform the weak measurement by first performing a strong measurement, and then measuring the strong device. To obtain the desired outgoing state we erase the strong measurement by reversing the unitary coupling.
The outline of the procedure is as follows. The system S, initially in the state |ψ S , is coupled to an ancillary meter and follow by reversing the strong operation using e
Ms . This is the breakdown assuming the pre-selection |ψ = i α i |i and postselection |φ = i β i |i , while Q |i = i |i .
|+
Mw so that the final (conditional) state of the weak measuring device is
where N is a normalization constant. We now take the weak measurement approximation g → 0 such that gq i << 1, for all i, so that N = i α i β * i = φ|ψ This is ensured by the choice of initial state and coupling operator σ z for M w since +| σ z |+ = 0.
and the probability of post-selection is
hence the procedure is indeed a weak measurement. This is not surprising-we assumed here that the coupling Qσ z is possible and in principle we could have carried out the weak measurement directly. Next we will discuss situations where such coupling is not possible. In these cases the erasure phase is a measurement, rather than a unitary.
IV. NON-LOCAL WEAK MEASUREMENTS
Measuring non-local observables is generally a difficult procedure. For some non-local observables a strong projective measurement is forbidden due to causality constraints while for others there is an explicit projective measurement procedure. Even in the cases where such a procedure exists the result may be encoded in a non-local meter, and the unitary eraser above cannot be implemented directly. It is, however, possible to carry out the weak measurement in an indirect way which involves three steps. First, a local measurement on Alice's side is used to determine some (probabilistic) parameter of the coupling Hamiltonian, next a local measurement on Bob's side is used to erase the previous strong measurement (see Fig. 2 ). The final step is a joint correction procedure that is required in case the eraser measurement gives the wrong output. This final step usually requires communication. If we want the procedure to be instantaneous we can do away with the final step at the cost of a non-deterministic protocol. Without the final step, the wrong result in the eraser measurement will produce an unwanted rotation on our initial state.
A. The double teleportation method
A crude version of the protocol uses a probabilistic teleportation scheme inspired by Vaidman's scheme [5] . In this scheme Alice tries to teleport her state to Bob without sending him any classical information, hence the procedure
Non-local weak measurement based on probabilistic erasure. The strong measurement scheme uses an entangled meter state. It is probabilistic, but does not require communication. By performing a local measurement on Alice's side, the outcome is localized on Bob's side (this step is probabilistic). Bob performs the weak measurement of his local outcome and then erases his strong measurement outcome. If successful, the weak measurement pointer is shifted by the weak value.
may introduce an unknown rotation on Bob's side. Bob then performs the weak measurement and teleports the state to Alice. The final state is the same as the initial state with probability 1/d 2 ( d ≥ 2), up to the weak measurement approximation, and thus the post-selection succeeds with the original probability. However, Alice and Bob know whether their procedure works only after they compare their outcomes. In the worst case scenario this scheme is successful with probability 1/d 4 (d here is the dimension of Alice's subsystem). Even in the case of failure, the procedure can be viewed as a weak measurement of the state with non-trivial unitary evolution.
B. Measuring a product of local observables
The double teleportation method is very general and can be substantially improved (in terms of success probability and resources) if the desired non-local observable is a product of two local observables. We will show how this can be done, starting with a product of two Pauli matrices. Next, we will generalize this scheme to a product of arbitrary local observables. The general case includes observables which are impossible to measure in an instantaneous strong projective measurement due to causality constraints. This fact, together with the fact that the protocol has a strong projective limit, explains why it cannot be deterministic unless classical communication is allowed.
product of Pauli matrices
We will start with a method for measuring an observable which is the product of two Pauli operators, σ A z σ B z . This product has two eigenvalues: +1 for the |00 , |11 subspace and −1 for the |10 , |01 subspace. A strong projective measurement of this observable relies on the fact that it is equivalent to the modular variable (σ
The modular variable can be measured by exploiting the modular properties of the meter state. For example, rotations of a spin 1/2 system by 2π and 0 are equivalent. This modular feature depends on a very specific rotation which translates to a strong measurement [13] .
The weak measurement procedure below includes a strong measurement of the modular variable followed by a weak measurement of the strong measuring device and post-selection on that same device. The weak measurement device is local and located on Bob's side.
For simplicity of notation we use A, B to denote the system, A s , B s to denote the strong measuring device, initially in the entangled state |00 + 11
As,Bs and , B w to denote the weak measuring device prepared in the state |+ Bw (this might be improved by using an entangled version like [10, 13] ).
The initial state is
We start by performing a CN OT between A (control) and A s (target) and another CN OT between B and B s
We now perform a weak coupling e to get
Bw z (10)
|+

Bw
At this point we need to disentangle the strong measuring devices from the system. One way to do this would be a non-local unitary operation: a σ 
Bs e
−igσ
Bw z
and if it is a |0 we will have
To regain coherence in the A, B, B w subsystem we finally measure B s in the σ x basis and post-select the |+ result. This post-selection has probability 1/2. Again, tracing out B s and normalizing we get
where the ∓ signs correspond to a result of |1 or |0 respectively of the previous measurement (σ As z ). Finally we post-select the state
yielding
Where p ps is the probability for post-selection which will be calculated below. It should be noted that the time ordering of the sequence from T = 1 is irrelevant since the measurements involve different subsystems. The last expression can be brought into a familiar form if we use the equalities
hence
We can now calculate the probability for post-selection
We now finally apply the weak approximation g → 0, such that g (20) and the pointer points at the weak value. The algorithm provides a probabilistic method for performing the non-local weak measurement. It works with probability 1/2 and requires post-processing since Bob has to know the sign of the effective Hamiltonian from Alice. This post-processing can be done at a later time and therefore relativistic constraints are not an issue. The probabilistic part of the protocol is at Bob's eraser step, which requires post-selection of the state |+ . We note that if Bob's measurement produces the (wrong) |− state instead, Eq. (21) will change to
which is equivalent to performing a −σ z σ z operation on the pre-selected state. Failure of the protocol can therefore be interpreted as the implementation of an unwanted (but known) unitary operation. This unitary commutes with the measurement, hence conceptually it can be applied to either pre or post-selection.
The following generalization of this procedure means that the method must be probabilistic since, in some cases, the amplification to a strong measurement would violate causality. Indeed, some product operators cannot be measured in an instantaneous strong projective measurement [4] , but a probabilistic method sidesteps this causality constraint.
Measurement of general product observables
The method described above can be modified to address a general product. We start with two systems of dimensions |A|, |B| and two local Hermitian operators X on A and Y on B with integer eigenvalues. We wish to perform a weak measurement of XY .
The setup is similar to one presented in the previous section. The specifics of M s depend on the properties of X and Y . Let us define the sets of projectors {X i }, {Ŷ i } such that X = |x| i=1 x iXi and Y = |y| k=1 y kŶk where x i and y i are the distinct integer eigenvalues of X and Y so x i = x j ∀i = j, y k = y l ∀k = l. Let us also assume (without loss of generality) that |x| ≤ |y|.
The system M s will have dimension |x| × |x| and start in the initial entangled state
Bs . The weak meter will again be a qubit in the state |+ Mw located on Bob's side. The protocol will be as follows: Alice measures X using the entangled measuring device. She then measures A s in the standard basis and gets a result µ. Bob will now have access to the operator X − µ1 1, so that he can make a weak measurement of XY − µ1 1Y . At this point he will need to erase his copy of the entangled state. This can be done with probability 1/|x|. The measurement is now a weak measurement of XY − µ1 1Y . For µ = 0 this is always the correct observable, and in some special cases this is a trivial re-scaling for all µ. The worst case scenario will succeed with probability 1/|x| 2 (both erasure and µ = 0 are required) while the best case will succeed with probability 1/|x| (only erasure is required). In either case failure would correspond to a non-trivial (but known) unitary evolution during the interval between pre and post-selection.
detailed description
First, let us define the strong measurement interaction on A, A s as U s |i |m = |i |m + x i . And the operator M B on Bob's part of M s , M B |m Bs = m |m Bs . Our system is initially in the (unknown) state
So our total state is
Applying U s and measuring A s (with result µ) will give
We now use the coupling Hamiltonian for the weak measurement on Bob's side
Using the notation e −iνσy |+ = |ν we have
We can now erase B s by post-selecting on the state 1 √ |x| m |m to get the state just before post-selection
If now the interaction H i is weak, the states |b k µ + b k a i will strongly overlap with each other and this is just a weak measurement of the operator (µ1 1 + A)B (where the addition is modulo |x|). In the case of µ = 0 this is just what we wanted to measure. For any other choice of µ this can be re-scaled to what we wanted to measure if and only if the degenerate subspaces of the two operators (µ1 1 + A)B and AB are the same.
V. SEQUENTIAL WEAK MEASUREMENTS
The erasure method can be also applied to sequential weak values. The goal is to measure the weak value of a product of two operators at two different times. If these operators do not commute, the resulting product operator is not Hermitian. The method is similar to the non-local measurement protocol suggested above, but has some essential differences due to the different causality constraints. Whereas in the non-local case our main constraint was communication, here the constraint is the non-commutativity of the relevant observables.
One of the first analyses of sequential measurements was presented by Aharonov and Albert [3] . They suggested an example where, by using a modular measurement operator, it is possible to perform a correlation type measurement of a two-time operator σ t=1 x σ t=2 z . Such a measurement can give qualitatively different results from a correlation measurement made with two measuring devices, the first for σ x at time t = 1 and the second for σ z at time t = 2. In a more recent approach [21] , the path of a photon through a double interferometer was shown to exhibit strange behavior when questions about its location at a given point in time were asked. These were resolved using weak values of sequential observables. In this section we will first expand both of these results and then show how the erasure method can be used for measuring such sequential weak values.
A. The Deterministic Path paradox
We start with a demonstration of sequential weak measurements giving rise to deterministic weak values. This example is based on [3, 21] and inspired by the Three Box paradox. A system S is prepared in the state
and post-selected in the state The measurement device is set in such a way (to be described later) that it clicks only for one of the four possible outcomes. In a similar way to the three box paradox, given the right pre and post-selected states, the probability for a click on two of the possible measurements is always 1.
Derivation of the 'paradox'
We begin by defining the four sequential operators to be measured
They add up to the identity A + B + C + D = 1 1.
To simplify calculations later, we will define four transition amplitudes
We would now like to define θ and φ in such a way that B and C click with certainty. Using the ABL formula [6] we get
Our conditions for p(B) = p(C) = 1 are
Subtracting these we get c = b which translates to cot(θ) = cot(φ). Using this, and dividing the first equation by sin θ sin φ = 0, we get
and the solution is
Let us now look at weak values.
The conditions a + c + d = 0, b = c can now be derived using the theorem regarding weak values of dichotomic measurements so B w = C w = 1. Since the probabilities should add up to one we have D w + A w = −1 which leads again to Eq. (42).
using the solution (43) we have
Hence, both B and C click with certainty.
B. The measurement setup
The probabilities and weak values calculated above have physical significance if they can be measured. In this section we show that the erasure method can be used for measuring these values. The basic scheme is the same as before, but does not require teleportation: First we use an ancilla to make a strong measurement of σ z , next we preform a weak (or strong) measurement of a joint variable of the ancilla and system to get the desired observable, finally we erase the σ z information from the ancilla.
The erasure method for the four path paradox
We define the unitary operators CN OT and C ij R(g) as follows:
and C ij R(g) |i |j |ψ = |i |j e igσx |ψ (56) C ij R(g) |l |m |ψ = |l |m |ψ l| m| |i |j = 0 (57)
We will also define the operator
The measurement procedure requires an ancilla and a meter. It works in the following way: First we perform CN OT on the system and ancilla to measure the system in the Z basis. Next we perform C ij R(g) with (i, j) set to be the inverted sequential operator we want for example (i, j) = (+, 0) for a measurement of A. This rotates the meter by g around σ x . Finally we erase the first measurement by post-selecting the ancilla in the |+ state. Failing this final step is the same as a unitary operation on the initial state. It is possible to undo this unitary but the cost is a change of the measurement operator.
We will follow the circuit for an arbitrary pre and post-selection. |ψ = α |0 + β |1 , |φ = γ |+ + δ |− 1. Initial state: 1-System; 2-Ancilla 3-Meter
2. CNOT on 1,2
4. Erasure : We measure σ x on 2 and discard this subsystem. If the result is |+ we ('succeed' and) get the unnormalized state
If the result is |− we ('fail' and) get the unnormalized state
We will continue the derivation for successful erasure (Eq. 64) and get back to the failed case at later.
We now have four cases corresponding to the choices of i, j
(B) (i, j) = (+, 1)
(D) (i, j) = (−, 1)
setting α = γ = cos θ and β = δ = sin θ and writing R(g) |0 = |g we have (A) (i, j) = (+, 0)
So that given cos 2 θ + cos θ sin θ − sin 2 θ = 0 the pointer in cases B and C will point at g as expected. Returning to the erasure, failure would mean the post-erasure state is proportional to Eq. (65). This state corresponds to Eq. (64) with the change β → −β which can be interpreted as a σ x operation on the initial state.
We can 'undo' this operation by applying σ z to the system to get
comparing with Eq. (64) we have the same state up to a change in the measurement operator, switching A ↔ C and B ↔ D. For a weak measurement we can apply A, B, C and D simultaneously so that the change in measurement operator can be corrected in post-processing.
Similarly, the above method can be used for performing non-local weak measurements of the peculiar weak values discussed in [22] .
C. Comparison with other methods
The RS protocol [11] inspired the original work on sequential weak values, as well as, a work on weak values of other non-Hermitian operators [23] . It was also used in an experimental implementation of Hardy's paradox [24] . On the other hand, it has two major drawbacks [10] , failing both of the properties of weak measurements: There is no single meter that contains the measurement results, rather post-processing of correlations between different observable quantities is used to determine the joint weak value. Moreover, the relevant correlations are only apparent at second order (in g), and therefore the change in post-selection probability (which is also second order in g) is always non-negligible. In addition, because this method is based on an N th order effect (correlation of N Gaussian-state pointers), it requires a very large ensemble, and is thus imprecise in a practical experiment [10, 25] .
Kedem and Vaidman (KV) [12] were able to overcome some of the weaknesses of the RS scheme by measuring modular weak values. Their scheme can be summarized as follows. The meter is a qubit initially in the state α |0 + β |1 and the interaction Hamiltonian is H i ∝ |1 1|Õ whereÕ is an Hermitian operator on the system to be measured. The final state just before post-selection is
where K is the interaction time. Finally, after post-selection, the system will be in the (unnormalized) state
where
From Eq. 76 we get the probability for post-selecting an orthogonal state (as in Property 1): p ps = |β| 2 | φ| e iKÕ |ψ | 2 so that the weakness parameter g should be proportional to β. We will now assume that β{O} M << 1. Using that and Eq. 77 we get the effective Hamiltonian H = −iK |1 1| log{O} M . This is in line with a slightly modified version of Property 1, i.e., the pointer shift is proportional to K log{O} M . Rather than g{O} M (note that in the weak limit g is usually very small, so K >> g).
The main advantage of this scheme is that modular weak values of multiple unitary operators obey a product rather than a sum rule. For example, the modular value of a sum of single qubit Pauli operators is the same as the weak value of the product of these operators, the same non-local operator that Resch and Steinberg wanted to measure. This also means that modular weak values will multiply instead of adding up.
The KV scheme is limited to a different set of observables of the type e iÕ , i.e. it is only possible to measure the weak value of unitary operators with this scheme.
Unlike weak values, the modular values do not require a weak value approximation. Despite their strong connection to weak measurements for small enough values of β, they can be measured for any value of β. This makes them easier to measure in an actual experiment. For example it is possible to distinguish between {O} M = 1 and {O} M = −1 in a single experiment by choosing β = 1 √ 2
. In case they coincide with weak values, a significant advantage in the experiment follows -It becomes much simpler to measure the required value. For example when O = e iKÕ is Hermitian and unitary, and its eigenvalues are ±1. This does not mean that the modular or weak values are in that range, but it does mean that when the outcome of a strong measurement is certain, the outcome of the weak and modular measurement will be ±1. Moreover, in this case the modular method coincides with a strong measurement scheme.
Even if the modular values do not coincide with a weak value, the weak value can sometimes be calculated from a number of different modular values. For example, in the second experimental demonstration of Hardy's paradox [26] the weak values of the projection operators were given as a function of the modular value (although not in those words).
D. Sequential measurement using modular values
In the spirit of [3] we can also ask a similar question regarding the sequential observable σ XZ − σ t=1 z σ t=2 x . This would be the same as measuring the operators A + D and B + C in our four path setup. Getting the weak value for this measurement (without performing a weak measurement) can be done using the KV technique ( [12] ). The same procedure with different parameters could be used for the strong measurements.
To calculate the weak values we can just use the fact that weak values are additive so
The probabilities for a strong measurement on the other hand turn out to be
In this case, for deterministic outcomes, we need either b + c = 0 or a + d = 0.
VI. CONCLUSIONS
In this paper we proposed a novel eraser-based method for performing non-local weak measurements. This method was shown to outperform other methods such as the RS and KV schemes.
The merits of weak measurements and weak values as technical tools can be assessed by various performance metrics that depend on the situation and may be independent of either the measurement method or its outcome. However, one should bear in mind that the significance of weak values as a tool for answering foundational questions relies strongly on the fact that weak values behave like an effective potential in a weak measurement. It has so far been unknown whether most weak values of non-local product observable and sequential weak values could correspond to an effective potential. Nevertheless these types of weak values have been used in the discussion of various post-selection paradoxes such as Hardy's paradox and the two slit experiment. In this work we described a method for creating the desired effective potential as part of a weak measurement scheme by using a quantum eraser.
Our method is generally probabilistic due to causality constraints. However, with clever post-processing and correction techniques it can be used to get a weak value in every possible run. In some cases, causality constraints rule out the possibility that the measurement would always correspond to the desired weak value so 'failing' postselection would either give a weak value of a different operator and/or act like a known unitary in the intermediate time between the pre and post-selection. The suggested method and its limitations nicely demonstrate the subtle interplay between causality, determinism and quantum measurement.
The method has the advantage that it can be generalized to arbitrary (finite dimensional) observables. Moreover, it is the weak limit of a strong measurement. This property is especially useful in the case of sequential measurements where we can use the eraser technique to perform strong measurements of non-hermitian observables. These two properties have their downside. In the general case, the scheme is subject to additional causality constraints due to the existence of a strong projective measurement limit. These constraints, however, are not present is some special cases. Therefore, it is still an open question whether a fully deterministic weak measurement protocol exists in those special cases. Moreover, it may be possible to avoid these constraints by using a scheme that does not have a strong measurement limit. These are still open questions.
Furthermore, by employing a multipartite teleportation scheme, rather than the simple bipartite scheme we used, the proposed method can be further generalized to allow weak non-local measurement of multi-partite entangled states.
Regarding experimental realizations of our protocol, it is not obvious that an optical setup would be ideal due to the number of ancilla qubits required. Although optics is the most popular platform for weak measurement experiments, realizations of weak in other platforms such as NMR [27] and atomic spontaneous emission [28] , are becoming more feasible. These could provide a better tool for carrying out these multiple qubit experiments. It would be interesting to see if current methods can be used to perform the full version of these techniques including the correction and post-processing steps.
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